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Abstract
A classical result ofWhitney states that eachmaximal planar graph without separating triangles is Hamiltonian, where a separating
triangle is a triangle whose removal separates the graph. Chen [Any maximal planar graph with only one separating triangle is
Hamiltonian J. Combin. Optim. 7 (2003) 79–86] proved that any maximal planar graph with only one separating triangle is still
Hamiltonian. In this paper, it is shown that the conclusion of Whitney’s Theorem still holds if there are exactly two separating
triangles.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The graphs considered in this paper are assumed to be undirected, connected and planar graphs, which have no loops
or multiple edges. We denote the vertex set and edge set of a graph G by V and E, respectively.
A graphG is said to be embeddable on a surface S if it can be drawn on S such that no two edges intersect geometrically
except at a vertex at which they are both incident. A graph G is called planar if it can be embedded on a plane.
A planar graph divides the plane into regions which are called faces. The unbounded region is called exterior face,
the other faces are called interior faces. An edge is a boundary edge if it is on the exterior face.
A planar graph G is called maximal planar if for every pair u, v of non-adjacent vertices of G the graph G + uv is
non-planar. G + uv denotes the graph obtained from G by adding the edge uv. If uv ∈ E(G) then G + uv = G. Thus
in any embedding of a maximal planar graph G with n3 vertices, the boundary of every face of G is a triangle.
A planar graph is called triangulated if all faces have three corners, except possibly the exterior face.
A triangle of a planar graph is a separating triangle if its removal separates the graph. Therefore, a separating triangle
does not form the boundary of a face.
A graph G is connected if it contains a path between any two vertices. G is said to be k-connected if |V (G)|k + 1
and G − S is connected for each S ⊂ V (G) with |S|k − 1.
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A cycle of a graph G is called a Hamilton cycle if it contains all vertices of G exactly once. A graph G is said to be
Hamiltonian if it has a Hamilton cycle.
A maximal planar graph G is called Hamiltonian for any two boundary edges if for any two boundary edges, G has
a Hamilton cycle passing through them. In a 2-connected plane graph G, the exterior circuit is the circuit bounding the
exterior face and will be denoted XG. For a subgraph H of G, the bridges of H in G are deﬁned as follows. A trivial
bridge of H in G is an edge in E(G)\E(H) with both ends in V (E). A non-trivial bridge of H in G is a component K
of G\H with all vertices of H adjacent to vertices of K added and all edges with one end in H and the other in K added.
The vertices of attachment of a bridge B of H in G are V (B)∩V (H). A bridge is attached to its vertices of attachment.
A path (circuit) P, subgraph of a plane graph G, is a Tutte path (circuit) if and only if each bridge of P has at most three
vertices of attachment and each bridge containing an edge of XG has at most two vertices of attachment.
Whitney [6] proved that eachmaximal planar graphwithout separating triangles is Hamiltonian. Tutte [5] generalized
Whitney’s result and he proved that each 4-connected planar graph is Hamiltonian. Note that if a planar graph has a
separating triangle, then it cannot be 4-connected. Therefore, Tutte’s result cannot be applied. Although the problem
of determining whether a 3-connected planar graph is Hamiltonian is NP-complete [2], Chen [1] obtained a stronger
version of Whitney’s result and he proved that any maximal planar graph with no separating triangles is Hamiltonian
for any two boundary edges. Furthermore, Chen [1] proved that any maximal planar graph with only one separating
triangle is Hamiltonian. In this paper we extend the results of Chen. We prove that any maximal planar graph with
only one separating triangle is Hamiltonian for any two boundary edges and we prove that the conclusion ofWhitney’s
Theorem still holds if there are exactly two separating triangles.
2. Preliminaries
Since Whitney’s result plays a decisive role in Chen [1], we state this result ﬁrst. For Whitney’s Theorem, we need
the following deﬁnition and the next Lemma.
Deﬁnition 1. Let G be a triangulated planar graph, let R be the exterior face of G, and let A and B be two vertices on
R. We say that (G,R,A,B) satisﬁesWhitney’s condition (Condition (W) for short) if (G,R,A,B) satisﬁes Condition
(W1) and (W2) described below. We say that (G,R,A,B) satisﬁes Condition (W1) if G has no separating triangles.
We say that (G,R,A,B) satisﬁes Condition (W2) if either (G,R,A,B) satisﬁes:
Condition (W2a) a0, a1, . . . , am is the path fromA to B and b0, b1, . . . , bn is the path from B toA (a0 =bn=A, b0 =
am = B), and there is no chord (a chord is an edge joining two non-consecutive vertices of a cycle) of the form aiaj
or bibj , or
Condition (W2b) There is a vertex C on R distinct from A and B such that a0, a1, . . . , am is the path from A to B,
b0, b1, . . . , bn is the path fromB toC and c0, c1, . . . , ck is the path fromC toA (a0=ck=A, b0=am=B, c0=bn=C),
and there is no chord of the form aiaj , bibj or cicj (see Fig. 1).
Lemma 2 (Whitney [6]). Let G be a triangulated planar graph, let R be the exterior face of G, and let A and B be two
vertices on R. If (G,R,A,B) satisﬁes Condition (W), then G has a Hamiltonian path from A to B.
Theorem 3 (Whitney [6]). Let G be a maximal planar graph with no separating triangles, then G is Hamiltonian.
Chen [1] proved the following variation of Whitney’s Lemma.
Lemma 4 (Chen [1]). Let G be a maximal planar graph with no separating triangles, let R be the exterior face of G,
and let A, B and C be the three vertices on R. Then G has a Hamiltonian path from A to B starting from the edge AC.
Next, we state the main result of Chen [1].
Theorem 5 (Chen [1]). Let G be a maximal planar graph with only one separating triangle, then G is Hamiltonian.
While trying to answer the question, what makes a maximal planar graph with separating triangles non-Hamiltonian,
Chen [1] introduced the following deﬁnitions.
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Fig. 1. An illustration of Conditions (W2a) and (W2b).
Deﬁnition 6. Let G be a maximal planar graph.We say that G is Hamiltonian (non-Hamiltonian, respectively) for any
two boundary edges if for any two boundary edges,G has (does not have, respectively) aHamilton cycle passing through
them.We say that G is Hamiltonian (non-Hamiltonian, respectively) for any boundary edges if for any boundary edge,
G has (does not have, respectively) a Hamilton cycle passing through it.
From the Lemma above, Chen obtained a stronger version of Whitney’s Theorem.
Theorem 7 (Chen [1]). Let G be a maximal planar graph with no separating triangles, then G is Hamiltonian for any
two boundary edges.
Sanders [4] proved the following variation of Tutte’s Theorem.
Theorem 8 (Sanders [4]). Let G be a 2-connected plane graph. Let  be an edge of XG, and let x and y be arbitrary
distinct vertices of G. Then G has a Tutte path P from x to y containing .
Note that a Tutte path in a 4-connected graph is also a Hamilton path.While Tutte’s theorem shows that a 4-connected
planar graph has a Hamilton cycle, this Theorem shows that a 4-connected planar graph has a Hamilton cycle through
any two edges.
3. The main result
For the proof of our main result (see Theorem 10 below), we need the following theorem.
Theorem 9. Let G be a maximal planar graph with only one separating triangle, then G is Hamiltonian for any two
boundary edges.
Proof. Let x, y and z be the vertices which form a separating triangle and xy is not a boundary edge. Let Gin (Gout,
respectively) be the subgraph ofGderived by deleting all the vertices outside (inside, respectively) the separating triangle
xyz. Gout and Gin are both maximal planar graphs with no separating triangles. By Theorem 7, Gin is Hamiltonian
for any two boundary edges. Consider Gout, let A, B and C be the vertices which form the exterior face of Gout. Let
A be a vertex which is distinct to the vertices x, y. Furthermore, let G′out be the subgraph of Gout derived by deleting
A. By Theorem 8 G′out has a Tutte path P from x to y containing BC. Thus we obtain a Tutte path P in Gout from x
to y containing BA and AC. Since Gout is a maximal planar graph with no separating triangles, Gout is 4-connected.
Note that a Tutte path in a 4-connected graph is also a Hamilton path. Since Gin is Hamiltonian for any two boundary
edges, we can always ﬁnd a path Pin(x, y). Then A,C,B, . . . , x, Pin(x, y), y, . . . , A is a Hamilton cycle in G passing
through two boundary edges. Since A is arbitrary G is Hamiltonian for any two boundary edges. 
The following theorem presents our main result.
Theorem 10. Let G be a maximal planar graph with exactly two separating triangles, then G is Hamiltonian.
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Fig. 2. Counter-example.
Proof. Let A, B and C be the vertices which form one separating triangle. Let Gin (Gout, respectively) be the subgraph
of G derived by deleting all the vertices outside (inside, respectively) the separating triangle ABC. We distinguish the
two cases in which the two separating triangles are either nested or not.
Case 1: The two separating triangles are not nested. The two separating triangles could be disjoint or not. In both
cases Gin is a graph with no separating triangles and Gout is a graph with only one separating triangle. By Theorem 7,
Gin is Hamiltonian for any two boundary edges. Note that a planar graph can always be embedded in the plane such
that a given face of the graph becomes the exterior face (see [3]). Therefore, we can embed Gout in the plane such that
ABC becomes the exterior face of Gout. By Lemma 9, Gout is also Hamiltonian for any two boundary edges. Then
A,C, Pin(C, B), B, Pout(B,A),A is a Hamilton cycle in G. Since Gin and Gout are Hamiltonian for any two boundary
edges, we can always ﬁnd one common edge of both paths Pin and Pout.
Case 2: The two separating triangles are nested. The two separating triangles could be disjoint or not. In both cases
we have to distinguish the following two cases.
Case 2.1: Gin is a graph with no separating triangles and Gout is a graph with only one separating triangle.
Case 2.2: Gin is a graph with only one separating triangle and Gout is a graph with no separating triangles. In both
cases we obtain that Gin is Hamiltonian for any two boundary edges and Gout is Hamiltonian for any two boundary
edges.
Then A,C, Pin(C, B), B, Pout(B,A),A is a Hamilton cycle in G. 
Remark 11. Finally, we conjecture that if G is a maximal planar graph with exactly two separating triangles, then G
is Hamiltonian for any two boundary edges. But if G is a maximal planar graph with exactly three separating triangles,
then there is a counter-example, which shows that G is not immediately Hamiltonian for any two boundary edges (see
Fig. 2).
4. Conclusion
We prove that any maximal planar graph with exactly two separating triangles is Hamiltonian. Whitney [6] proved
this claim for maximal planar graphs with no separating triangles. Chen [1] extended the proof to maximal planar
graphs having only one separating triangle. We further extend Chen’s work to the case of maximal planar graphs with
exactly two separating triangles.
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